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FRACTIONAL MACLAURIN TYPE INEQUALITIES FOR

FUNCTIONS WHOSE FIRST DERIVATIVES ARE s-CONVEX

FUNCTIONS

S. DJENAOUI(1) AND B. MEFTAH(2)

Abstract. Classical and fractional integral inequalities have become a popular

method and a powerful tool for estimating errors of quadrature formulas. Several

studies on various types of inequality have been conducted and the literature in this

area is vast and diverse. The current study intends to investigate one of the open

three-point Newton-Cotes formulae, known as Maclaurin’s formula, using Riemann-

Liouville fractional operators. To accomplish so, we first created a new identity.

From this identity and through the s-convexity, we have established some new

Maclaurin-type inequalities, we also discussed the cases that can be derived of

our finding. Furthermore, various applications for error estimates are offered to

demonstrate the efficacy of our primary results.

1. Introduction

Convexity is an important and central topic in several fields, including economics,

finance, optimization, and game theory. Let us review the definition of this useful

concept.

Definition 1.1. [25] A function f : I → R is said to be convex, if

(1.1) f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

holds for all x, y ∈ I and all t ∈ [0, 1].

If the function f is concave, then (1.1) holds in the reverse direction.
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It’s clear that convexity and the development of the theory of inequalities go hand

in hand, and we can see right away that one depends on the other. Any function

that works with (1.1) must also work with the famous Hermite-Hadamard inequality,

which can be written as follows: For every convex function f on the interval [a, b]

with a < b, we have

(1.2) f
(

a+b
2

)

≤ 1
b−a

b
∫

a

f (x) dx ≤ f(a)+f(b)
2

.

The concept of convexity enjoys a wide field of applications. Because it is so

important, there have been many generalisations, extensions, and new classes of

convex functions. One of the most important is s-convexity, which Breckner came up

with and defines as follows:

Definition 1.2. [6] A nonnegative function f : I ⊂ [0,∞) → R is said to be s-convex

in the second sense for some fixed s ∈ (0, 1], if

f(tx+ (1− t)y) ≤ tsf(x) + (1− t)sf(y)

holds for all x, y ∈ I and t ∈ [0, 1].

Regarding some appeared papers dealing convexity and integral inequalities we

refer readers to [4, 8, 9, 13, 16, 18, 20, 21, 22, 24] and references therein.

Nowadays, fractional calculus has become a popular tool for scientists. It has been

successfully used in various fields of science and engineering see [11, 15]. Its main

strength in the description of memory and genetic properties of different materials

and processes has aroused great interest for researchers in different fields.

In the problems that have been written about, fractional operators like Caputo,

Hadamard, Katugampola, etc., can be used. But the Riemann-Liouville operator is

employed the most. Here’s how to define it:
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Definition 1.3. [15] Let f ∈ L1[a, b]. The Riemann-Liouville fractional integrals

Iα
a+
f and Iα

b−
f of order α > 0 with a ≥ 0 are defined by

Iαa+f(x) = 1
Γ(α)

x
∫

a

(x− t)α−1
f(t)dt, x > a,

Iαb−f(x) = 1
Γ(α)

b
∫

x

(t− x)α−1
f(t)dt, b > x,

respectively, where Γ(α) =
∞
∫

0

e−ttα−1dt, is the gamma function and I0a+f(x) =

I0
b−
f(x) = f(x).

In [29], Sarikaya et al., used the above mentioned operator and established the

fractional analogue of inequality (1.2).

Theorem 1.1. Let f : [a, b] → R be an integrable and positive function with 0 ≤ a <

b. If f is a convex function on [a, b], then

f
(

a+b
2

)

≤ Γ(α+1)
2(b−a)α

[Iαa+f (b) + Iαb−f (a)] ≤ f(a)+f(b)
2

.

Chen and Huan [7], gave some Simpson inequalities for differentiable s-convex

functions via Riemann-Liouville fractional integral.

Theorem 1.2. Let f : I ⊂ [0,∞) → R be a differentiable mapping on I◦ such that

f ′ ∈ L1[a, b], where a, b ∈ I◦ with a < b. If |f ′| is s-convex on [a, b], for some fixed

s ∈ (0, 1], then the following inequality holds:

∣

∣

∣

1
6

(

f (a) + 4f
(

a+b
2

)

+ f (b)
)

− 2α−1Γ(α+1)
(b−a)α

[

Iαa+f
(

a+b
2

)

+ Iαb−f
(

a+b
2

)]

∣

∣

∣

≤ b−a
2s+1 (|f

′ (a)|+ |f ′ (b)|) (I3 + I4) ,

where I3 =
( 2

3)
1
α

∫

0

(

1
3
− tα

2

)

[(1 + t)s + (1− t)s] dt

and I4 =
1
∫

( 2

3)
1
α

(

tα

2
− 1

3

)

[(1 + t)s + (1− t)s] dt.

Theorem 1.3. Let f : I ⊂ [0,∞) → R be a differentiable mapping on I◦ such that

f ′ ∈ L1[a, b], where a, b ∈ I◦ with a < b. If |f ′|q is s-convex on [a, b], for some fixed
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s ∈ (0, 1] and q > 1 with 1
p
+ 1

q
= 1, then the following inequality holds:

∣

∣

∣

1
5

(

f (a) + 4f
(

a+b
2

)

+ f (b)
)

− 2α−1Γ(α+1)
(b−a)α

[

Iαa+f
(

a+b
2

)

+ Iαb−f
(

a+b
2

)]

∣

∣

∣

≤ b−a
2











( 2

3)
1
α

∫

0

∣

∣

tα

2
− 1

3

∣

∣

p
dt











1

p

(

(

|f ′(a)|q+|f ′( a+b
2 )|

q

s+1

)
1

q

+

(

|f ′( a+b
2 )|

q
+|f ′(b)|q

s+1

)
1

q

)

.

More recently, Kamouche et al. [12], discussed the following Simpson-like inequali-

ties for s-convex functions differentiable via the Riemann-Liouville fractional integral.

Theorem 1.4. Let f : [a, b] → R be a differentiable function on (a, b) such that

f ′ ∈ L1 [a, b] with 0 ≤ a < b. If |f ′| is s-convex in the second sense for some fixed

s ∈ (0, 1], then we have

∣

∣

∣

∣

1
8

(

f (a) + 6f
(

a+b
2

)

+ f (b)
)

− Γ(α+1)
21−α(b−a)α

(

Iα
( a+b

2 )
−f(a) + Iα

( a+b
2 )

+f(b)

)∣

∣

∣

∣

≤ b−a
4

(Θs,α |f
′ (a)|

+
(

α
(s+1)(α+s+1)

(

1
4

)
s+1

α + 3s+3−α
2(s+1)(α+s+1)

)

∣

∣f ′
(

a+b
2

)∣

∣+Θs,α |f
′ (b)|

)

,

where

Θs,α = 1
4(s+1)

(

1− 2
(

1−
(

1
4

)
1

α

)s+1
)

+B
1−( 1

4)
1
α
(s + 1, α+ 1)−B

( 1

4)
1
α
(α + 1, s+ 1) .

Theorem 1.5. Let f : [a, b] → R be a differentiable function on (a, b) such that

f ′ ∈ L1 [a, b] with 0 ≤ a < b. If |f ′|q is s-convex in the second sense for some fixed

s ∈ (0, 1] where q > 1 with 1
p
+ 1

q
= 1, then we have

∣

∣

∣

∣

1
8

(

f (a) + 6f
(

a+b
2

)

+ f (b)
)

− Γ(α+1)
21−α(b−a)α

(

Iα
( a+b

2 )
−f(a) + Iα

( a+b
2 )

+f(b)

)∣

∣

∣

∣

≤ b−a
4

(

1

4p+
1
α α

B
(

1
α
, p+ 1

)

+ 3p+1

4p+1α(p+1)
.2F1

(

1− 1
α
, 1, p+ 2; 3

4

)

)
1

p

×

(

(

|f ′(a)|q+|f ′( a+b
2 )|

q

s+1

)
1

q

+

(

|f ′( a+b
2 )|

q
+|f ′(b)|q

s+1

)
1

q

)

.

With regard to other articles dealing with fractional inequalities, we refer readers

to [1, 2, 5, 10, 17, 19, 23, 27, 28].
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Motivated by the preceding findings, we propose in this paper to investigate the

Maclaurin’s inequality (see [1, 26]), which can be phrased as follows:
∣

∣

∣

∣

∣

∣

1
8

(

3f
(

5a+b
6

)

+ 2f
(

a+b
2

)

+ 3f
(

a+5b
6

))

− 1
b−a

b
∫

a

f (u) du

∣

∣

∣

∣

∣

∣

≤ 7(b−a)4

51840

∥

∥f (4)
∥

∥

∞
,

where f is four-times continuously differentiable function on (a, b), and
∥

∥f (4)
∥

∥

∞
=

sup
x∈(a,b)

∣

∣f (4) (x)
∣

∣.

To do so, we first establish a new fractional identity. On the basis of this identity

we derive some new Maclaurin-type inequalities for functions whose first derivatives

are s-convex via Riemann-Liouville fractional operators. Applications in numerical

integration are also presented.

2. Main results

In order to prove our results, we need the following lemma and some definitions

Lemma 2.1. Let f : I ⊂ R → R be a differentiable function on I◦, a, b ∈ I◦ with

a < b, and f ′ ∈ L1 [a, b], then the following equality holds

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

= b−a
9





1
∫

0

1
4
κ

αf ′
(

(1− κ) a + κ
5a+b
6

)

dκ

+

1
∫

0

(

3
8
− (1− κ)α

)

f ′
(

(1− κ) 5a+b
6

+ κ
a+b
2

)

dκ

−

1
∫

0

(

3
8
− κ

α
)

f ′
(

(1− κ) a+b
2

+ κ
a+5b
6

)

dκ

−

1
∫

0

1
4
(1− κ)α f ′

(

(1− κ) a+5b
6

+ κb
)

dκ



 ,

where

Ωα
I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

=

(

Iα
( 5a+b

6 )
−f(a) + Iα

( a+5b
6 )

+f(b)

)

+ 1
2α−1

(

Iα
( 5a+b

6 )
+f
(

a+b
2

)

+ Iα
( a+5b

6 )
−f
(

a+b
2

)

)

.(2.1)
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Proof. Let

(2.2) I = I1 + I2 − I3 − I4,

where

I1 =

1
∫

0

1
4
κ

αf ′
(

(1− κ) a+ κ
5a+b
6

)

dκ,

I2 =

1
∫

0

(

3
8
− (1− κ)α

)

f ′
(

(1− κ) 5a+b
6

+ κ
a+b
2

)

dκ,

I3 =

1
∫

0

(

3
8
− κ

α
)

f ′
(

(1− κ) a+b
2

+ κ
a+5b
6

)

dκ

and

I4 =

1
∫

0

1
4
(1− κ)α f ′

(

(1− κ) a+5b
6

+ κb
)

dκ.

Integrating by parts I1, we get

I1 = 3
2(b−a)

κ
αf
(

(1− κ) a + κ
5a+b
6

)

∣

∣

∣

κ=1

κ=0

− 3α
2(b−a)

1
∫

0

κ
α−1f

(

(1− κ) a+ κ
5a+b
6

)

dκ

= 3
2(b−a)

f
(

5a+b
6

)

− 6α+1α

4(b−a)α+1

5a+b
6
∫

a

(̟ − a)α−1
f (̟) d̟

= 3
2(b−a)

f
(

5a+b
6

)

− 6α+1Γ(α+1)

4(b−a)α+1 Iα
( 5a+b

6 )
−f(a).(2.3)
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Similarly we obtain

I2 = 3
b−a

(

3
8
− (1− κ)α

)

f
(

(1− κ) 5a+b
6

+ κ
a+b
2

)∣

∣

κ=1

κ=0

− 3α
b−a

1
∫

0

(1− κ)α−1
f
(

(1− κ) 5a+b
6

+ κ
a+b
2

)

dκ

= 9
8(b−a)

f
(

a+b
2

)

+ 15
8(b−a)

f
(

5a+b
6

)

− 3α+1α

(b−a)α+1

a+b
2
∫

5a+b
6

(

a+b
2

−̟
)α−1

f (̟) d̟

= 9
8(b−a)

f
(

a+b
2

)

+ 15
8(b−a)

f
(

5a+b
6

)

− 3α+1Γ(α+1)

(b−a)α+1 Iα
( 5a+b

6 )
+f(a+b

2
),(2.4)

I3 = 3
b−a

(

3
8
− κ

α
)

f
(

(1− κ) a+b
2

+ κ
a+5b
6

)∣

∣

κ=1

κ=0

+ 3α
b−a

1
∫

0

κ
α−1f

(

(1− κ) a+b
2

+ κ
a+5b
6

)

dκ

= − 15
8(b−a)

f
(

a+5b
6

)

− 9
8(b−a)

f
(

a+b
2

)

+ 3α+1α

(b−a)α+1

a+5b
6
∫

a+b
2

(

̟ − a+b
2

)α−1
f (̟) d̟

= − 15
8(b−a)

f
(

a+5b
6

)

− 9
8(b−a)

f
(

a+b
2

)

+ 3α+1Γ(α+1)

(b−a)α+1 Iα
( a+5b

6 )
−f(a+b

2
)(2.5)

and

I4 = 3
2(b−a)

(1− κ)α f
(

(1− κ) a+5b
6

+ κb
)

∣

∣

∣

κ=1

κ=0

+ 3α
2(b−a)

1
∫

0

(1− κ)α−1
f
(

(1− κ) a+5b
6

+ κb
)

dκ

= − 3
2(b−a)

f
(

a+5b
6

)

+ 6α+1α

4(b−a)α+1

b
∫

a+5b
6

(b−̟)α−1
f (̟) d̟

= − 3
2(b−a)

f
(

a+5b
6

)

+ 6α+1Γ(α+1)

4(b−a)α+1 Iα
( a+5b

6 )
+f(b).(2.6)

Using (2.3)-(2.6) in (2.2), and then multiplying the obtained equality by b−a
9
, we get

the desired result. Thus the proof is completed. �
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Definition 2.1. [15] The incomplete beta function is defined for all complex numbers

x and y with ℜ(x) > 0 and ℜ(y) > 0 and 0 ≤ a < 1 as follows

Ba (x, y) =

a
∫

0

tx−1 (1− t)y−1
dt.

Remark 1. When we set a = 1, the incomplete beta function becomes the beta

function.

Definition 2.2. [15] The hypergeometric function is defined for ℜc > ℜb > 0 and

|z| < 1, as follows

2F1 (a, b, c; z) =
1

B(b,c−b)

1
∫

0

tb−1 (1− t)c−b−1 (1− zt)−a
dt,

where B (., .) is the beta function.

Theorem 2.1. Let f : [a, b] → R be a differentiable function on (a, b) such that

f ′ ∈ L1 [a, b] with 0 ≤ a < b. If |f ′| is s-convex in the second sense for some fixed

s ∈ (0, 1], then we have
∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9

(

1
4
B (α + 1, s+ 1) (|f ′ (a)|+ |f ′ (b)|)

+
(

7(s+1)−3α
8(s+1)(α+s+1)

+ 2α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α

)

(∣

∣f ′
(

5a+b
6

)∣

∣+
∣

∣f ′
(

a+5b
6

)∣

∣

)

+2

(

3
8(s+1)

− 3
4(s+1)

(

1−
(

3
8

)
1

α

)s+1

+B
1−( 3

8)
1
α
(s+ 1, α + 1)

− B
( 3

8)
1
α
(α + 1, s+ 1)

)

∣

∣f ′
(

a+b
2

)∣

∣

)

,

where B (., .) and Bx (., .) are the beta and the incomplete beta functions respectively.

Proof. From Lemma 2.1, properties of modulus and s-convexity in the second sense

of |f ′|, we have
∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9





1
∫

0

1
4
κ

α
∣

∣f ′
(

(1− κ) a + κ
5a+b
6

)∣

∣ dκ
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+

1
∫

0

∣

∣

3
8
− (1− κ)α

∣

∣

∣

∣f ′
(

(1− κ) 5a+b
6

+ κ
a+b
2

)∣

∣ dκ

+

1
∫

0

∣

∣

3
8
− κ

α
∣

∣

∣

∣f ′
(

(1− κ) a+b
2

+ κ
a+5b
6

)∣

∣ dκ

+

1
∫

0

1
4
(1− κ)α

∣

∣f ′
(

(1− κ) a+5b
6

+ κb
)∣

∣ dκ





≤ b−a
9





1
∫

0

1
4
κ

α
(

(1− κ)s |f ′ (a)|+ κ
s
∣

∣f ′
(

5a+b
6

)∣

∣

)

dκ

+

1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

) (

(1− κ)s
∣

∣f ′
(

5a+b
6

)∣

∣ + κ
s
∣

∣f ′
(

a+b
2

)∣

∣

)

dκ

+

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

) (

(1− κ)s
∣

∣f ′
(

5a+b
6

)∣

∣ + κ
s
∣

∣f ′
(

a+b
2

)∣

∣

)

dκ

+

( 3

8)
1
α

∫

0

(

3
8
− κ

α
) (

(1− κ)s
∣

∣f ′
(

a+b
2

)∣

∣+ κ
s
∣

∣f ′
(

a+5b
6

)∣

∣

)

dκ

+

1
∫

( 3

8)
1
α

(

κ
α − 3

8

) (

(1− κ)s
∣

∣f ′
(

a+b
2

)∣

∣+ κ
s
∣

∣f ′
(

a+5b
6

)∣

∣

)

dκ

+

1
∫

0

1
4
(1− κ)α

(

(1− κ)s
∣

∣f ′
(

a+5b
6

)∣

∣+ κ
s |f ′ (b)|

)

dκ





= b−a
9





1
4
|f ′ (a)|

1
∫

0

κ
α (1− κ)s dκ +

∣

∣f ′
(

5a+b
6

)∣

∣





1
4

1
∫

0

κ
α+sdκ

+

1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

(1− κ)s dκ +

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

(1− κ)s dκ
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+
∣

∣f ′
(

a+b
2

)∣

∣











1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

κ
sdκ +

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

κ
sdκ

+

( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

(1− κ)s dκ +

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

(1− κ)s dκ











+
∣

∣f ′
(

a+5b
6

)∣

∣











( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

κ
sdκ +

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

κ
sdκ

+ 1
4

1
∫

0

(1− κ)α+s
dκ



 + 1
4
|f ′ (b)|

1
∫

0

(1− κ)α κsdκ





= b−a
9

(

1
4
B (α+ 1, s+ 1) (|f ′ (a)|+ |f ′ (b)|)

+
(

7(s+1)−3α
8(s+1)(α+s+1)

+ 2α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α

)

(∣

∣f ′
(

5a+b
6

)∣

∣ +
∣

∣f ′
(

a+5b
6

)∣

∣

)

+2

(

3
8(s+1)

− 3
4(s+1)

(

1−
(

3
8

)
1

α

)s+1

+B
1−( 3

8)
1
α
(s+ 1, α + 1)

− B
( 3

8)
1
α
(α + 1, s+ 1)

)

∣

∣f ′
(

a+b
2

)∣

∣

)

,

where we have used the fact

(2.7)

1
∫

0

κ
α (1− κ)s dκ =

1
∫

0

(1− κ)α κsdκ = B (α + 1, s+ 1) ,

(2.8)

1
∫

0

κ
α+sdκ =

1
∫

0

(1− κ)α+s
dκ = 1

α+s+1
,

1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

(1− κ)s dκ =

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

κ
sdκ(2.9)

= 5(s+1)−3α
8(s+1)(α+s+1)

+ α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α ,
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1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

(1− κ)s dκ =

( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

κ
sdκ(2.10)

= α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α ,

1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

κ
sdκ =

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

(1− κ)s dκ(2.11)

= B
1−( 3

8)
1
α
(s+ 1, α + 1)− 3

8(s+1)

(

1−
(

3
8

)
1

α

)s+1

and

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

κ
sdκ(2.12)

=

( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

(1− κ)s dκ

= 3
8(s+1)

− 3
8(s+1)

(

1−
(

3
8

)
1

α

)s+1

− B
( 3

8)
1
α
(α + 1, s+ 1) .

The proof is completed. �

Corollary 2.1. In Theorem 2.1, if we take s = 1, then we get

∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9

(

1
4(α+1)(α+2)

(|f ′ (a)|+ |f ′ (b)|)

+
(

14−3α
16(α+2)

+ α
α+2

(

3
8

)
α+2

α

)

(∣

∣f ′
(

5a+b
6

)∣

∣ +
∣

∣f ′
(

a+5b
6

)∣

∣

)

+
(

16−3(α+1)(α+2)
8(α+1)(α+2)

+ 3α
2(α+1)

(

3
8

)
1

α − 3α
4(α+2)

(

3
8

)
2

α

)

∣

∣f ′
(

a+b
2

)∣

∣

)

.



494 S. DJENAOUI AND B. MEFTAH

Corollary 2.2. In Theorem 2.1, if we take α = 1, then we get
∣

∣

∣

∣

∣

∣

1
8

(

3f
(

5a+b
6

)

+ 2f
(

a+b
2

)

+ 3f
(

a+5b
6

))

− 1
b−a

b
∫

a

f (u) du

∣

∣

∣

∣

∣

∣

≤ b−a
9

(

1
4(1+s)(s+2)

(|f ′ (a)|+ |f ′ (b)|)

+
(

7s+4
8(s+1)(s+2)

+ 2
(s+1)(s+2)

(

3
8

)s+2
)

(∣

∣f ′
(

5a+b
6

)∣

∣+
∣

∣f ′
(

a+5b
6

)∣

∣

)

+
(

3s−2
4(s+1)(s+2)

+ 5
2(s+1)(s+2)

(

5
8

)s+1
)

∣

∣f ′
(

a+b
2

)∣

∣

)

.

Corollary 2.3. In Theorem 2.1, if we take α = s = 1, then we get
∣

∣

∣

∣

∣

∣

1
8

(

3f
(

5a+b
6

)

+ 2f
(

a+b
2

)

+ 3f
(

a+5b
6

))

− 1
b−a

b
∫

a

f (u) du

∣

∣

∣

∣

∣

∣

≤ 25(b−a)
288

(

64|f ′(a)|+379|f ′( 5a+b
6 )|+314|f ′( a+b

2 )|+379|f ′( a+5b
6 )|+64|f ′(b)|

1200

)

.

Theorem 2.2. Let f : [a, b] → R be a differentiable function on (a, b) such that

f ′ ∈ L1 [a, b] with 0 ≤ a < b. If |f ′|q is s-convex in the second sense for some fixed

s ∈ (0, 1] where q > 1 with 1
p
+ 1

q
= 1, then we have

∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9

(

1
4

(

1
αp+1

)
1

p

(

(

|f ′(a)|q+|f ′( 5a+b
6 )|

q

s+1

)
1

q

+

(

|f ′(a+5b
6 )|

q
+|f ′(b)|q

s+1

)
1

q

)

+
(

1
α

(

3
8

)p+ 1

α B
(

1
α
, p+ 1

)

+ 1
α

(

5
8

)p+1 1
p+1

.2F1

(

1− 1
α
, 1, p+ 2, 5

8

)

)
1

p

×

(

(

|f ′( 5a+b
6 )|

q
+|f ′( a+b

2 )|
q

s+1

)
1

q

+

(

|f ′( a+b
2 )|

q
+|f ′( a+5b

6 )|
q

s+1

)
1

q

))

,

where B (., .) and 2F1 (., ., ., .) are the beta and hypergeometric functions respectively.

Proof. From Lemma 2.1, properties of modulus, Hölder’s inequality, and s-convexity

in the second sense of |f ′|q, we have

∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9







1
4





1
∫

0

κ
αpdκ





1

p




1
∫

0

∣

∣f ′
(

(1− κ) a+ κ
5a+b
6

)∣

∣

q
dκ





1

q
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+





1
∫

0

∣

∣

3
8
− (1− κ)α

∣

∣

p
dκ





1

p




1
∫

0

∣

∣f ′
(

(1− κ) 5a+b
6

+ κ
a+b
2

)∣

∣

q
dκ





1

q

+





1
∫

0

∣

∣

3
8
− κ

α
∣

∣

p
dκ





1

p




1
∫

0

∣

∣f ′
(

(1− κ) a+b
2

+ κ
a+5b
6

)∣

∣

q
dκ





1

q

+ 1
4





1
∫

0

(1− κ)αp dκ





1

p




1
∫

0

∣

∣f ′
(

(1− κ) a+5b
6

+ κb
)∣

∣

q
dκ





1

q







≤ b−a
9







1
4





1
∫

0

κ
αpdκ





1

p




1
∫

0

(

(1− κ)s |f ′ (a)|
q
+ κ

s
∣

∣f ′
(

5a+b
6

)∣

∣

q)

dκ





1

q

+











1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)p
dκ +

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)p
dκ











1

p

×





1
∫

0

(

(1− κ)s
∣

∣f ′
(

5a+b
6

)∣

∣

q
+ κ

s
∣

∣f ′
(

a+b
2

)∣

∣

q)

dκ





1

q

+











( 3

8)
1
α

∫

0

(

3
8
− κ

α
)p

dκ +

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)p
dκ











1

p

×





1
∫

0

(

(1− κ)s
∣

∣f ′
(

a+b
2

)∣

∣

q
+ κ

s
∣

∣f ′
(

a+5b
6

)∣

∣

q)

dκ





1

q

+ 1
4





1
∫

0

(1− κ)αp dκ





1

p




1
∫

0

(

(1− κ)s
∣

∣f ′
(

a+5b
6

)∣

∣

q
+ κ

s |f ′ (b)|
q)

dκ





1

q







= b−a
9

(

1
4

(

1
αp+1

)
1

p

(

(

|f ′(a)|q+|f ′( 5a+b
6 )|

q

s+1

)
1

q

+

(

|f ′( a+5b
6 )|

q
+|f ′(b)|q

s+1

)
1

q

)

+
(

1
α

(

3
8

)p+ 1

α B
(

1
α
, p+ 1

)

+ 1
α

(

5
8

)p+1 1
p+1

.2F1

(

1− 1
α
, 1, p+ 2, 5

8

)

)
1

p

×

(

(

|f ′( 5a+b
6 )|

q
+|f ′( a+b

2 )|
q

s+1

)
1

q

+

(

|f ′( a+b
2 )|

q
+|f ′( a+5b

6 )|
q

s+1

)
1

q

))

,
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where we have used the fact that

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)p
dκ

=

( 3

8)
1
α

∫

0

(

3
8
− κ

α
)p

dκ = 1
α

3

8
∫

0

(

3
8
− u
)p

u
1

α
−1du

= 1
α

(

3
8

)p+ 1

α

1
∫

0

z
1

α
−1 (1− z)p dz

= 1
α

(

3
8

)p+ 1

α B
(

1
α
, p+ 1

)

and

1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)p
dκ

=

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)p
dκ = 1

α

1
∫

3

8

(

u− 3
8

)p
u

1

α
−1du

= 1
α

(

5
8

)p+1

1
∫

0

(1− z)p
(

1− 5
8
z
)

1

α
−1

dz

= 1
α

(

5
8

)p+1 1
p+1

.2F1

(

1− 1
α
, 1, p+ 2, 5

8

)

.

The proof is completed. �

Corollary 2.4. In Theorem 2.2, if we take s = 1, then we get

∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9

(

1
4

(

1
αp+1

)
1

p

(

(

|f ′(a)|q+|f ′( 5a+b
6 )|

q

2

)
1

q

+

(

|f ′( a+5b
6 )|

q
+|f ′(b)|q

2

)
1

q

)

+
(

1
α

(

3
8

)p+ 1

α B
(

1
α
, p+ 1

)

+ 1
α

(

5
8

)p+1 1
p+1

.2F1

(

1− 1
α
, 1, p+ 2, 5

8

)

)
1

p

×

(

(

|f ′( 5a+b
6 )|

q
+|f ′( a+b

2 )|
q

2

)
1

q

+

(

|f ′(a+b
2 )|

q
+|f ′( a+5b

6 )|
q

2

)
1

q

))

.



FRACTIONAL MACLAURIN TYPE INEQUALITIES .... 497

Corollary 2.5. In Theorem 2.2, if we take α = 1, then we get
∣

∣

∣

∣

∣

∣

1
8

(

3f
(

5a+b
6

)

+ 2f
(

a+b
2

)

+ 3f
(

a+5b
6

))

− 1
b−a

b
∫

a

f (u) du

∣

∣

∣

∣

∣

∣

≤ b−a
72

(

1
p+1

)
1

p

(

2

(

(

|f ′(a)|q+|f ′( 5a+b
6 )|

q

s+1

)
1

q

+

(

|f ′( a+5b
6 )|

q
+|f ′(b)|q

s+1

)
1

q

)

+
(

3p+1+5p+1

8

) 1

p

(

(

|f ′( 5a+b
6 )|

q
+|f ′( a+b

2 )|
q

s+1

)
1

q

+

(

|f ′(a+b
2 )|

q
+|f ′( a+5b

6 )|
q

s+1

)
1

q

))

.

Corollary 2.6. In Theorem 2.2, if we take α = s = 1, then we get
∣

∣

∣

∣

∣

∣

1
8

(

3f
(

5a+b
6

)

+ 2f
(

a+b
2

)

+ 3f
(

a+5b
6

))

− 1
b−a

b
∫

a

f (u) du

∣

∣

∣

∣

∣

∣

≤ b−a
72

(

1
p+1

)
1

p



2





(

|f ′(a)|q+|f ′( 5a+b
6 )|

q

2

)
1

q

+

(
∣

∣f ′
(

a+5b
6

)∣

∣

q
+ |f ′ (b)|q

2

) 1

q





+
(

3p+1+5p+1

8

)
1

p

(

(

|f ′( 5a+b
6 )|

q
+|f ′( a+b

2 )|
q

2

)
1

q

+

(

|f ′(a+b
2 )|

q
+|f ′( a+5b

6 )|
q

2

)
1

q

))

.

Theorem 2.3. Let f : [a, b] → R be a differentiable function on (a, b) such that

f ′ ∈ L1 [a, b] with 0 ≤ a < b. If |f ′|q is s-convex in the second sense for some fixed

s ∈ (0, 1] where q ≥ 1, then we have
∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9

(

(

1
4(α+1)

)1− 1

q
(

1
4
B (α + 1, s+ 1) |f ′ (a)|

q
+ 1

4(α+s+1)

∣

∣f ′
(

5a+b
6

)∣

∣

q
)

1

q

+
(

5−3α
8(α+1)

+ 2α
α+1

(

3
8

)
α+1

α

)1− 1

q

×
(((

5(s+1)−3α
8(s+1)(α+s+1)

+ 2α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α

)

∣

∣f ′
(

5a+b
6

)∣

∣

q

+

(

3
8(s+1)

− 3
4(s+1)

(

1−
(

3
8

)
1

α

)s+1

+ ζ (s+ 1, α+ 1)

)

∣

∣f ′
(

a+b
2

)∣

∣

q

)
1

q

+

((

3
8(s+1)

− 3
4(s+1)

(

1−
(

3
8

)
1

α

)s+1

+ ζ (s+ 1, α+ 1)

)

∣

∣f ′
(

a+b
2

)∣

∣

q

+
(

5(s+1)−3α
8(s+1)(α+s+1)

+ 2α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α

)

∣

∣f ′
(

a+5b
6

)∣

∣

q
)

1

q

)

+
(

1
4(α+1)

)1− 1

q
(

1
4(α+s+1)

∣

∣f ′
(

a+5b
6

)∣

∣

q
+ 1

4
B (α + 1, s+ 1) |f ′ (b)|

q
)

1

q

)

,
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where

(2.13) ζ (x, y) = B
1−( 3

8)
1
α
(x, y)− B

( 3

8)
1
α
(y, x) ,

B (., .) and Bx (., .) are beta and incomplete beta functions.

Proof. From Lemma 2.1, properties of modulus, power mean inequality, and s-convexity

in the second sense of |f ′|q, we have

∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9











1
∫

0

1
4
κ

αdκ





1− 1

q




1
∫

0

1
4
κ

α
∣

∣f ′
(

(1− κ) a+ κ
5a+b
6

)∣

∣

q
dκ





1

q

+





1
∫

0

∣

∣

3
8
− (1− κ)α

∣

∣ dκ





1− 1

q

×





1
∫

0

∣

∣

3
8
− (1− κ)α

∣

∣

∣

∣f ′
(

(1− κ) 5a+b
6

+ κ
a+b
2

)∣

∣

q
dκ





1

q

+





1
∫

0

∣

∣

3
8
− κ

α
∣

∣ dκ





1− 1

q




1
∫

0

∣

∣

3
8
− κ

α
∣

∣

∣

∣f ′
(

(1− κ) a+b
2

+ κ
a+5b
6

)∣

∣

q
dκ





1

q

+





1
∫

0

1
4
(1− κ)α dκ





1− 1

q




1
∫

0

1
4
(1− κ)α

∣

∣f ′
(

(1− κ) a+5b
6

+ κb
)∣

∣

q
dκ





1

q







≤ b−a
9











1
∫

0

1
4
κ

αdκ





1− 1

q




1
∫

0

1
4
κ

α
(

(1− κ)s |f ′ (a)|
q
+ κ

s
∣

∣f ′
(

5a+b
6

)∣

∣

q)

dκ





1

q

+











1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

dκ +

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

dκ











1− 1

q

×





1
∫

0

∣

∣

3
8
− (1− κ)α

∣

∣

(

(1− κ)s
∣

∣f ′
(

5a+b
6

)∣

∣

q
+ κ

s
∣

∣f ′
(

a+b
2

)∣

∣

q)

dκ





1

q
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+











( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

dκ +

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

dκ











1− 1

q

×





1
∫

0

∣

∣

3
8
− κ

α
∣

∣

(

(1− κ)s
∣

∣f ′
(

a+b
2

)∣

∣

q
+ κ

s
∣

∣f ′
(

a+5b
6

)∣

∣

q)

dκ





1

q

+





1
∫

0

1
4
(1− κ)α dκ





1− 1

q

×





1
∫

0

1
4
(1− κ)α

(

(1− κ)s
∣

∣f ′
(

a+5b
6

)∣

∣

q
+ κ

s |f ′ (b)|
q)

dκ





1

q







= b−a
9







(

1
4(α+1)

)1− 1

q



|f ′ (a)|
q

1
∫

0

1
4
κ

α (1− κ)s dκ +
∣

∣f ′
(

5a+b
6

)∣

∣

q

1
∫

0

1
4
κ

α+sdκ





1

q

+











1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

dκ +

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

dκ











1− 1

q

×
(∣

∣f ′
(

5a+b
6

)∣

∣

q
×











1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

(1− κ)s dκ +

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

(1− κ)s dκ











+
∣

∣f ′
(

a+b
2

)∣

∣

q











1−( 3

8)
1
α

∫

0

(

(1− κ)α − 3
8

)

κ
sdκ +

1
∫

1−( 3

8)
1
α

(

3
8
− (1− κ)α

)

κ
sdκ





















1

q

+











( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

dκ +

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

dκ











1− 1

q

×











∣

∣f ′
(

a+b
2

)∣

∣

q











( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

(1− κ)s dκ +

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

(1− κ)s dκ
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+
∣

∣f ′
(

a+5b
6

)∣

∣

q











( 3

8)
1
α

∫

0

(

3
8
− κ

α
)

κ
sdκ +

1
∫

( 3

8)
1
α

(

κ
α − 3

8

)

κ
sdκ





















1

q

+
(

1
4(α+1)

)1− 1

q





∣

∣f ′
(

a+5b
6

)∣

∣

q

1
∫

0

1
4
(1− κ)α+s

dκ + |f ′ (b)|
q

1
∫

0

1
4
(1− κ)α κsdκ





1

q







= b−a
9

(

(

1
4(α+1)

)1− 1

q
(

1
4
B (α + 1, s+ 1) |f ′ (a)|

q
+ 1

4(α+s+1)

∣

∣f ′
(

5a+b
6

)∣

∣

q
)

1

q

+
(

5−3α
8(α+1)

+ 2α
α+1

(

3
8

)
α+1

α

)1− 1

q

×
((

5(s+1)−3α
8(s+1)(α+s+1)

+ 2α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α

)

∣

∣f ′
(

5a+b
6

)∣

∣

q

+

(

3
8(s+1)

− 3
4(s+1)

(

1−
(

3
8

)
1

α

)s+1

+ ζ (s+ 1, α+ 1)

)

∣

∣f ′
(

a+b
2

)∣

∣

q

)
1

q

+
(

5−3α
8(α+1)

+ 2α
α+1

(

3
8

)
α+1

α

)1− 1

q

×

((

3
8(s+1)

− 3
4(s+1)

(

1−
(

3
8

)
1

α

)s+1

+ ζ (s+ 1, α+ 1)

)

∣

∣f ′
(

a+b
2

)∣

∣

q

+
(

5(s+1)−3α
8(s+1)(α+s+1)

+ 2α
(s+1)(α+s+1)

(

3
8

)
α+s+1

α

)

∣

∣f ′
(

a+5b
6

)∣

∣

q
)

1

q

+
(

1
4(α+1)

)1− 1

q
(

1
4(α+s+1)

∣

∣f ′
(

a+5b
6

)∣

∣

q
+ 1

4
B (α + 1, s+ 1) |f ′ (b)|

q
)

1

q

)

,

where ζ (., .) is defined by (2.13) and we have used (2.7)-(2.12). The proof is achieved.

�

Corollary 2.7. In Theorem 2.3, if we take s = 1, then we get
∣

∣

∣

∣

3f( 5a+b
6 )+2f( a+b

2 )+3f( a+5b
6 )

8
− 6α−1Γ(α+1)

(b−a)α
Ωα

I

(

a, 5a+b
6

, a+b
2
, a+5b

6
, b
)

∣

∣

∣

∣

≤ b−a
9

(

1
4(α+1)

(

(

|f ′(a)|q+(α+1)|f ′( 5a+b
6 )|

q

(α+2)

)
1

q

+

(

(α+1)|f ′( a+5b
6 )|

q
+|f ′(b)|q

α+2

)
1

q

)

+
(

5−3α
8(α+1)

+ 2α
α+1

(

3
8

)
α+1

α

)1− 1

q
(((

10−3α
16(α+2)

+ α
α+2

(

3
8

)
α+2

α

)

∣

∣f ′
(

5a+b
6

)∣

∣

q

+
(

16−3(α+1)(α+2)
16(α+1)(α+2)

+ 2α
α+1

(

3
8

)
α+1

α − α
α+2

(

3
8

)
α+2

α

)

∣

∣f ′
(

a+b
2

)∣

∣

q
)

1

q

+
((

16−3(α+1)(α+2)
16(α+1)(α+2)

+ 2α
α+1

(

3
8

)
α+1

α − α
α+2

(

3
8

)
α+2

α

)

∣

∣f ′
(

a+b
2

)∣

∣

q

+
(

10−3α
16(α+2)

+ α
α+2

(

3
8

)
α+2

α

)

∣

∣f ′
(

a+5b
6

)∣

∣

q
)

1

q

))

.
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Corollary 2.8. In Theorem 2.3, if we take α = 1, then we get

∣

∣

∣

∣

∣

∣

1
8

(

3f
(

5a+b
6

)

+ 2f
(

a+b
2

)

+ 3f
(

a+5b
6

))

− 1
b−a

b
∫

a

f (u) du

∣

∣

∣

∣

∣

∣

≤ b−a
9

(

1
8

(

(

2|f ′(a)|q+2(s+1)|f ′( 5a+b
6 )|

q

(s+1)(s+2)

)
1

q

+

(

2(s+1)|f ′( a+5b
6 )|

q
+2|f ′(b)|q

(s+1)(s+2)

)
1

q

)

+
(

17
64

)1− 1

q

(((

5s+2
8(s+1)(s+2)

+ 2
(s+1)(s+2)

(

3
8

)s+2
)

∣

∣f ′
(

5a+b
6

)∣

∣

q

+
(

3s−2
8(s+1)(s+2)

+ 5
4(s+1)(s+2)

(

5
8

)s+1
)

∣

∣f ′
(

a+b
2

)∣

∣

q
)

1

q

+
((

3s−2
8(s+1)(s+2)

+ 5
4(s+1)(s+2)

(

5
8

)s+1
)

∣

∣f ′
(

a+b
2

)∣

∣

q

+
(

5s+2
8(s+1)(s+2)

+ 2
(s+1)(s+2)

(

3
8

)s+2
)

∣

∣f ′
(

a+5b
6

)∣

∣

q
)

1

q

))

.

Corollary 2.9. In Theorem 2.3, if we take α = s = 1, then we get

∣

∣

∣

∣

∣

∣

1
8

(

3f
(

5a+b
6

)

+ 2f
(

a+b
2

)

+ 3f
(

a+5b
6

))

− 1
b−a

b
∫

a

f (u) du

∣

∣

∣

∣

∣

∣

≤ 17(b−a)
576

(

8
17

(

(

|f ′(a)|q+2|f ′( 5a+b
6 )|

q

3

)
1

q

+

(

2|f ′( a+5b
6 )|

q
+|f ′(b)|q

3

)
1

q

)

+

(

(

251|f ′( 5a+b
6 )|

q
+157|f ′( a+b

2 )|
q

408

)
1

q

+

(

157|f ′( a+b
2 )|

q
+251|f ′( a+5b

6 )|
q

408

)
1

q

))

.

3. Applications

Let Υ be the partition of the points a = x0 < x1 < · · · < xn = b of the interval

[a, b], and consider the quadrature formula

b
∫

a

f (u) du = λ (f,Υ) +R (f,Υ) ,

where

λ (f,Υ) =

n−1
∑

i=0

xi+1−xi

8

(

3f
(5xi+xi+1

6

)

+ 2f
(

xi+xi+1

2

)

+ 3f
(

xi+5xi+1

6

))

and R (f,Υ) denotes the associated approximation error.
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Proposition 3.1. Let n ∈ N and f : [a, b] → R be a differentiable function on (a, b)

with 0 ≤ a < b and f ′ ∈ L1 [a, b]. If |f ′| is a s-convex function, then we have

|R (f,Υ)| ≤
n−1
∑

i=0

(xi+1−xi)
2

9

(

1
4(1+s)(s+2)

(|f ′ (xi)|+ |f ′ (xi+1)|)

+
(

7s+4
8(s+1)(s+2)

+ 2
(s+1)(s+2)

(

3
8

)s+2
)

(∣

∣f ′
(5xi+xi+1

6

)∣

∣+
∣

∣f ′
(

xi+5xi+1

6

)∣

∣

)

+
(

3s−2
4(s+1)(s+2)

+ 5
2(s+1)(s+2)

(

5
8

)s+1
)

∣

∣f ′
(

xi+xi+1

2

)∣

∣

)

.

Proof. Applying Corollary 2.2 on the subintervals [xi, xi+1] (i = 0, 1, . . . , n− 1) of the

partition Υ, we get
∣

∣

∣

∣

∣

∣

1
8

(

3f
(5xi+xi+1

6

)

+ 2f
(

xi+xi+1

2

)

+ 3f
(

xi+5xi+1

6

))

− 1
xi+1−xi

xi+1
∫

xi

f (u) du

∣

∣

∣

∣

∣

∣

≤ xi+1−xi

9

(

1
4(1+s)(s+2)

(|f ′ (xi)|+ |f ′ (xi+1)|)

+
(

7s+4
8(s+1)(s+2)

+ 2
(s+1)(s+2)

(

3
8

)s+2
)

(∣

∣f ′
(5xi+xi+1

6

)∣

∣+
∣

∣f ′
(

xi+5xi+1

6

)∣

∣

)

+
(

3s−2
4(s+1)(s+2)

+ 5
2(s+1)(s+2)

(

5
8

)s+1
)

∣

∣f ′
(

xi+xi+1

2

)∣

∣

)

.

Multiplying both sides of above inequality by (xi+1 − xi), and then summing the

obtained inequalities for all i = 0, 1, . . . , n− 1 and using the triangular inequality, we

get the desired result. �

Proposition 3.2. Let n ∈ N and f : [a, b] → R be a differentiable function on (a, b)

with 0 ≤ a < b and f ′ ∈ L1 [a, b]. If |f ′|q is a s-convex function, then we have

|R (f,Υ)| ≤
n−1
∑

i=0

(xi+1−xi)
2

72(p+1)
1
p

(

2

(

(

|f ′(xi)|
q+

∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q

s+1

)
1

q

+

(
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

+|f ′(xi+1)|
q

s+1

)
1

q

)

+
(

3p+1+5p+1

8

)
1

p

×

(

(
∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q
+
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q

s+1

)
1

q

+

(
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q
+
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

s+1

)
1

q

))

.

Proof. Applying the second inequality of Corollary 2.5 on the subintervals [xi, xi+1]

(i = 0, 1, . . . , n− 1) of the partition Υ, we get

∣

∣

∣

∣

∣

∣

1
8

(

3f
(5xi+xi+1

6

)

+ 2f
(

xi+xi+1

2

)

+ 3f
(

xi+5xi+1

6

))

− 1
xi+1−xi

xi+1
∫

xi

f (u) du

∣

∣

∣

∣

∣

∣
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≤ xi+1−xi

72(p+1)
1
p

(

2

(

(

|f ′(xi)|
q+

∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q

s+1

)
1

q

+

(
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

+|f ′(xi+1)|
q

s+1

)
1

q

)

+
(

3p+1+5p+1

8

)
1

p

×

(

(
∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q
+
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q

s+1

)
1

q

+

(
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q
+
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

s+1

)
1

q

))

.

Multiplying both sides of the above inequality by (xi+1 − xi), and then summing the

obtained inequalities for all i = 0, 1, . . . , n− 1 and using the triangular inequality, we

get the desired result. �

Proposition 3.3. Let n ∈ N and f : [a, b] → R be a differentiable function on (a, b)

with 0 ≤ a < b and f ′ ∈ L1 [a, b]. If |f ′|q is a convex function, then we have

|R (f,Υ)| ≤
n−1
∑

i=0

17(xi+1−xi)
2

576

(

8
17

(

(

|f ′(xi)|
q+2

∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q

3

)
1

q

+

(

2
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

+|f ′(xi+1)|
q

3

)
1

q

)

+

(

(

251
∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q

+157
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q

408

)
1

q

+

(

157
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q

+251
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

408

)
1

q

))

.

Proof. Applying the second inequality of Corollary 2.9 on the subintervals [xi, xi+1]

(i = 0, 1, . . . , n− 1) of the partition Υ, we get
∣

∣

∣

∣

∣

∣

1
8

(

3f
(5xi+xi+1

6

)

+ 2f
(

xi+xi+1

2

)

+ 3f
(

xi+5xi+1

6

))

− 1
xi+1−xi

xi+1
∫

xi

f (u) du

∣

∣

∣

∣

∣

∣

≤ 17(xi+1−xi)
576

(

8
17

(

(

|f ′(xi)|
q+2

∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q

3

)
1

q

+

(

2
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

+|f ′(xi+1)|
q

3

)
1

q

)

+

(

(

251
∣

∣

∣
f ′

(

5xi+xi+1

6

)
∣

∣

∣

q

+157
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q

408

)
1

q

+

(

157
∣

∣

∣
f ′

(

xi+xi+1

2

)
∣

∣

∣

q

+251
∣

∣

∣
f ′

(

xi+5xi+1

6

)
∣

∣

∣

q

408

)
1

q

))

.

Multiplying both sides of the above inequality by (xi+1 − xi), and then summing the

obtained inequalities for all i = 0, 1, . . . , n− 1 and using the triangular inequality, we

get the desired result. �

4. Conclusion

In this study, we have considered the Maclaurin type integral inequalities, which

the main results of the paper can be summarized as follows:

(1) A new identity regarding Maclaurin type inequalities is proved.
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(2) Some new fractional Maclaurin type inequalities for functions whose first

derivatives are s-convex are established.

(3) Some special cases are derived.

(4) Applications of our findings are provided.
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